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Abstract
We apply the Godbillon-Vey class to compute the transition amplitudes
between some non-commutative solitons in M-Theory; our context is that
of Connes-Douglas-Schwarz where they considered compactifications of ma-
trix models on noncommutative tori. Two important consequences follow:
we describe a new normalisation for the Abelian Chern-Simons theory using
symplectic 4-manifolds as providing cobordisms for tight contact 3-manifolds
and we construct a new(?) invariant for 3-manifolds. Moreover we modify
the topological Lagrangian density suggested for M-Theory in a previous ar-
ticle to a quadratic one using the fact that the functor of immersions is a
linearisation (or “the differential”) of the functor of embeddings.
PACS classification: 11.10.-z; 11.15.-q; 11.30.-Ly
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0.1 Some remarks on K-Theories
Let M be a closed smooth n-manifold. A codimension q foliation where
0 < q < n, is a particular example of a Haefliger or Γq-structure on M . A
codim-q foliation is defined by specifying a codim-q integrable subbundle F of
the tangent bundle TM of M . A local definition is provided by specifying a
nowhere vanishing decomposable q-form Ω onM . The integrability condition
is expressed by the relation
Ω ∧ dΩ = 0
or equivalently by the relation
dΩ = θ ∧ Ω
for some 1-form θ whose role will become clear later.
We would like to ask the following question:
Given a codim-q foliation onM (namely an F or an Ω as described above),
how many K-Theories can be involved in our discussion?
The answer is six (6). We shall try to clarify them and show how they
are related.
1. By definition the codim-q integrable subbundle F of TM defines a
class in K0(M), where K0(M) is Atiyah’s “ordinary” K-Theory, namely the
abelian group consisting of stable isomorphism classes of vector bundles over
M (see for example [1]). This K−functor is represented on the ordinary de
Rham cohomology groups ofM (just via the Chern-Weil theory) and one can
use pairings with ordinary homology (simply integration of forms over suit-
able submanifolds of M) and get invariants. There are also some “twisted”
versions of this, see [2]. Their relation to D-Brane physics was discussed
in [32] (this includes the torsion case; for a discussion for the non-torsion
case see [3] where they consider the noncommutative C∗-algebra C(M)⊗K
where C(M) is just functions on the manifold M and K is the elementary
C∗-algebra of compact operators; this noncommutative C∗-algebra is in fact
Morita equivalent to the commutative algebra C(M) as was clearly exhibited
in [16]). The key idea is that Grothendieck’s stability relation corresponds
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to creation or annihilation of D-brane-antibrane pairs. For a compact Lie
group G one can have G-equivariant versions both of ordinary K-Theory and
of twisted K-Theory (this is mainly due to Atiyah and Segal from late ’60’s).
The later is closely related to the Verlinde algebra of G. In [4] the authors
claimed that they have “almost” proved that they actually coincide “on the
nose”. Moreover Gepner showed that the Verlinde algebra of U(k) coincides
with the quantum cohomology of the Grassmannian G(k,N) at level N − k
(see for instance the review paper [5] and references therein).
2. A new K-Theory
To the best of our knowledge, this is the first time that this K-Theory ap-
pears in the literature although the definitions follow essentially from the
work of [14], [13], [7] and [25]. The basic definitions are given in the last
section (Appendix). In a way which is analogous but more complicated than
the case of bundles, the set of all Haefliger structures of M modulo some
equivalence relations gives rise to another K-Theory, which we shall denote
KΓ(M). We shall describe the strategy of this construction which is due to
Quillen because we shall use it again later; roughly it goes as follows: given
any category C with a composition law, one can construct a representable
contravariant functor KC from topological spaces to abelian groups which
also preserves addition. The K-groups of the category C are defined as the
values of the functor KC on spheres, thus they are the homotopy groups
of the space which represents KC . This K-Theory, in striking contrast to 1.
above does not have Bott periodicity; it follows the rules of Quillen’s “Higher
Algebraic K-Theory”.
We apply this general construction in our case as follows: for a given man-
ifold M , the space of all Haefliger structures modulo homotopy invariance
and an equivalence relation (which is analogous to “gauge transformations”
or “change of trivialisation” for bundles) denoted Γ(M), forms a topological
category. It is the analogue of the space of all (say complex) vector bundles
over M modulo gauge equivalence V ect(M) of 1. above (see [1]). The differ-
ence is that whereas V ect(M) is an abelian semigroup and to get an abelian
group one has to divide simply by the diagonal action (or equivalently impose
Grothendieck’s stability relation), Γ(M) does not have this property and it
is only a topological category. That category plays the role of the category
C and then we just apply the Quillen-Segal construction and get the abelian
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group KΓ(M)(M). Hence with a little more effort one can indeed “concoct”
an abelian group finally in this case also.
Since foliations constitute a particular example of Haefliger structures, a
foliation defines a class in that K-Theory too. We restrict ourselves to the
0th K-group of this K-Theory. Now this KΓ-functor can be represented on
the ordinary de Rham cohomology groups of our manifold M but the appro-
priate cohomology (the analogue of Chern-Weil theory) is the Gelfand-Fuchs
cohomology (see [16] and references therein). One can then use pairings with
ordinary homology (just integration of differential forms) and get invariants.
This is the framework in which our application falls in this article..
3. Given a foliation F of our manifold M , one can construct the graph
or holonomy groupoid denoted G(F ) which is due to Wilnkenkempern (see
[15]). This can also be seen as a topological category (it is also a manifold
of dimension dimM + dimF , not necessarily Hausdorff though). One can
also then apply the Quillen-Segal construction with G playing the role of the
category C in 2. above. Now the foliation defines a whole K-Theory and
not just a class! We shall denote this K-Theory KG(M) and that’s what’s
denoted in Conne’s book K∗top(G).
4. In Conne’s book there is an alternative description of the above, us-
ing the notion of “geometric cycles”, namely K-oriented maps from compact
manifolds to the space of leaves of the foliation; in more concrete terms a
geometric cocycle is a triple (W, y, g) where W is a compact manifold, y is
an element of K0(W ) (namely a bundle over W ) and g is a smooth map
from W to the space of leaves of the foliation (this is the key ingredient and
roughly one can think of G as the space of leaves of the foliation). For the
precise definition see [9]. One defines an equivalence relation between these
geometric cycles (see again [9] p126). The reason why we mention this here
is because it clarifies one important feature perhaps useful in physics (what
we have in mind is of course what’s called “F-Theory” or perhaps any even
higher dimensional theories that may appear in the future; in F-Theory the
spacetime manifold has dimension 12): the dimensionality of the manifold
W representing the geometric cycle is not fixed but it can vary! (this sim-
ply means that different foliations on different manifolds may have the same
graph).
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5. The holonomy groupoid G of our foliation can be made into a C∗-
algebra denoted C∗(G), using the vector space of half-densities over the
manifold G and completing it in a suitable way. This C∗-algebra then also
has a K-Theory which is defined as stable isomorphism classes of finitely
generated projective modules of the C∗-algebra and this has Bott period-
icity (namely there are only two of these K-Groups). We shall denote this
K-Theory K∗(C
∗(G)). This K-functor can be represented in the cyclic co-
homology of the corresponding C∗-algebra and to get invariants one must
use the pairing introduced by Connes (see [9]) which involves the cup prod-
uct # in cyclic cohomology. This is the real noncommutative framework. It
is more complicated and it is what was used in [16] to produce new invariants.
To be more specific, in this case one has two groups, namely K0 which
by definition is the ”Grothendiek group” Gr of
K0(C
∗(G)) := Grπ0P (C
∗(G))
where π0 as usual denotes the connected component and
P (C∗(G)) := lim
n→∞
ProjMn(C
∗(G))
Mn denotes n × n matrices with entries from C
∗(G) and Proj means that
they satisfy the projectivity relation e2 = e where e an element of the algebra
(these elements are also called “idempotents”). An equivalent description is
the following:
K0(C
∗(G)) = π1GL(C
∗(G))
where GL denotes the inductive limit for n→∞ of GL(n;C∗(G)).
Moreover,
K1(C
∗(G)) := π0GL(C
∗(G))
For more details one can see [11].
6. Following an original idea due to Atiyah or the K-Homology according
to Baum-Douglas, (see [8]), one can construct an alternative description of
K-classes of 4. above by using triples (H, π, T ) of even or odd Fredholm mod-
ules, where π is an involutive representation of the C∗-algebra of the foliation
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C∗(G) to a Hilbert space H and T is an operator satisfying the following re-
quirements: it is self adjoint of modulus 1 and [T, π(a)] is a compact operator
for all elements a of the C∗-algebra (see [9] for full details, chapter 4). What
we have just described is actually an odd Fredholm module; to define an even
Fredholm module one needs an odd Fredholm module plus a Z/2-grading γ
of the Hilbert space H satisfying the following requirements:
γ = γ∗
γ2 = 1
γπ(a) = π(a)γ for all a in the C∗-algebra C∗(G)
γT = −Tγ
These cycles are also represented in the cyclic cohomology groups of the
corresponding C∗-algebra of our foliation C∗(G) (or the entire cyclic coho-
mology if one in addition uses the property of θ-summability of the Fredholm
modules, for a detailed exposition see [9]).
As we already mentioned, 3. and 4. are actually two different descrip-
tions of the same theory; the same is true for 5. and 6. following from
Baum-Douglas’ K-Homology. That the 3. (or its equivalent 4.) and 5.
are isomorphic (the 0th and 1st groups for 3.) is the famous Baum-Connes
conjecture which includes the Novikov conjecture for higher signatures of
manifolds as a special case. The 1. is well understood and 2. is what we
shall use in this piece of work to give an application in M-Theory based on
the Connes-Douglas-Schwarz compactifications of Matrix theory to noncom-
mutative tori ([17]).
So one can say that essentially there are two interesting K-Theories in-
volved, namely 2. and 5. (assuming the Baum-Connes conjecture is true).
One could describe them simultaneously using a bifunctor but this is not
needed in our work here. Good candidates are Kasparov’s KK-bifunctor
(see [6]) or even better Connes’ E-bifunctor which has a better behaviour
than KK (for example E is half exact whereas KK is not, see [9]).
0.2 The Godbillon-Vey class
Given a codim-q foliation F on our smooth closed n-manifold M , one can
define the normal bundle Q of the foliation as Q = TM/F . Clearly Q is a
rank-q vector bundle over M . Since F is integrable, the Pontryagin classes
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of Q of degree grater than 2q vanish (for the proof see [7]).
Let C∞(F ) denote the set of sections of the vector bundle F . The Frobe-
nious theorem states that for two vector fields X and Y in C∞(F ), their com-
mutator [X, Y ] ∈ C∞(F ) (this follows from the integrability of F ). In an ob-
vious notation then, if Z ∈ C∞(Q), then Z = π(Z ′) for some Z ′ ∈ C∞(TM),
where π : TM → Q is the canonical projection. Z ′ is well defined modulo
elements of C∞(F ). Thus for X ∈ C∞(F ) and Z ∈ C∞(Q), one can define
∇X(Z) := π[X,Z
′]
This is clearly an R-bilinear map
∇ : C∞(F )× C∞(Q)→ C∞(Q)
and satisfies
∇X(fZ) = X(f)Z + f∇X(X)
and
∇fX(Z) = f∇X(Z)
as is easily verified. This “almost” satisfies the definition of a connection on
Q except that the variable X is restricted to range over C∞(F ) instead of
over all of C∞(TM). In order to complete it to a connection, one can either
use a Riemannian metric on M or another full connection on Q. Under the
assumption that F is integrable, one can prove that Q has a connection of
this kind. (For more details see [7] or [18]). This is called a basic connection
(or Bott connection) on Q.
We now restrict ourselves for the moment to the case where F is of codim-
1. Hence locally F is defined by a nowhere vanishing 1-form Ω. One can then
prove that
dΩ = θ ∧ Ω
if and only if θ is the connection 1-form of a basic connection on Q. (For the
proof see [7]).
By definition, a basic connection has an important property: its curvature
denoted Kθ which by definition is as usual
Kθ := dθ + θ ∧ θ = dθ
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namely the nonlinear term θ∧ θ vanishes! (for the proof see [7]). This makes
basic connections look like being abelian. (This is true for a codim-q foliation
also).
Aside: We would like to make another remark here: in the complex
case there is a correspondence between flat connections (which correspond
to “local coefficient systems”) and semistable Higgs bundles with vanishing
1st and 2nd Chern classes (the notion of a Higgs bundle was introduced by
Hitchin and is a bundle with a Higgs connection which by definition behaves
like a basic connection). For the proof see [23].
Then the Godbillon-Vey class is exactly the class defined by the 3-form
θ ∧ dθ. One can prove that it is closed, independent of the choice of the con-
nection 1-form θ and that it characterises codim-1 foliations up to homotopy
(for the proofs of these statements see [7]).
One can in fact generalise this construction for any foliation of codim-q;
then the corresponding class will be a (2q + 1)-form
θ ∧ (dθ)q
where the power means wedge product. A codim-q foliation F of a smooth
closed n-manifold M is defined locally by a nowhere vanishing decomposable
q-form Ω and integrability means that dΩ = θ ∧ Ω if and only if θ is the
connection 1-form of a basic connection on the normal bundle Q = TM/F
of the foliation (as we had stated in the start of the previous section). This
class belongs to the Gelfand-Fuchs cohomology as was discussed in a more
detailed way in [16]. In fact it is the only known non-trivial class of the
Gelfand-Fuchs cohomology which characterises foliations up to homotopy.
We would like to use this class in the case of noncommutative compact-
ifications of matrix models in M-Theory as described in [17] (see also [19],
[20], [21] and [22]).
0.3 Noncommutative vacua
The idea that noncommutative geometry might be of relevance in M-Theory
was pointed out for the first time in [17]. In fact these authors constructed
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explicitly compactifications of the matrix models into noncommutative tori.
The framework was that of operator algebras but as was pointed out in sub-
section 4.1 of that paper an equivalent description exists involving foliations.
In fact the meaning of a “noncommutative torus” is that of a torus with a
foliation whose corresponding C∗-algebra is noncommutative.
The construction of the particular solutions of certain equations (which
correspond to compactifications of the matrix model) in that paper can be
described as a two step procedure:
1. First one has to specify a noncommutative algebra denoted TC .
2. Then the second step is to construct explicit modules of this algebra
TC which can be thought of as “bundles with connections” over that “quan-
tum space”.
The physical interpretation given to the above process and its relation to
M-Theory was the following: these solutions (noncommutative compactifica-
tions) were shown to correspond to supersymmetric vacua (namely elements
of the moduli space) of D=11 supergravity, assuming the 11-dim manifold
to be of the form T d×M1,10−d where the notation means that T d is a d-dim
torus andM1,10−d is an (11−d)-manifold with 1 time coordinate and (10−d)
spatial coordinates of Minkowski type.
Now our application starts with the following question:
Can these vacua interpolate?
What we have in mind of course is the case of instantons, where quan-
tum mechanically an instanton is exactly an interpolation between classical
gauge inequivalent solutions of the Yang-Mills equations. Essentially they
correspond to topologically distinct G-bundles over spacetime, assumed to
be R4 compactified to S4.
Let us start with fixing the dimension d for the torus in our 11-manifold
with its Cartesian product decomposition as describd above. Then it is clear
we believe that the K-Theory which is of relevance for the first step above
is the second in our list which, remember, contains the different Haefliger
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structures (and hence includes foliations) of our torus, since the choice of a
noncommutative algebra TC means that we have chosen a foliation of our
torus.
Having done that, the second step is to construct modules or equivalently
bundles with connections over that quantum space; the K-Theory relevant to
this step is clearly no 5. in our list in the first section which contains stable
isomorphism classes of finitely generated projective modules of the noncom-
mutative algebra TC .
For a fixed dimension d of the torus, one might say that in fact there
are two “levels” of interpolation: namely either between different TC ’s (i.e.
between different–up to homotopy–foliations of our torus T d, hence essen-
tially “counting” KΓ(T
d) classes) or within the same TC between different–up
to Morita Equivalence–modules of TC , hence essentially “counting” K0(TC)
classes. Let us recall that there is actually an analogue of this in the com-
mutative case when studying ALE instantons, namely instantons where the
boundary has non-trivial fundamental group.
The second is more elaborate and in fact we do not want to comment ex-
tensively in this article on how one could compute the transition amplitudes
in this case (see however the comment in the last paragraph of this section
below which describes the key idea). But for the first, the idea is that one
can use the Godbillon-Vey class as a Lagrangian density integrated over the
fundamental class of our manifold to get an action functional and try to cal-
culate the relevant path integral. It is reasonable to expect that this will
give the contribution from interpolation between non-homotopic foliations
(hence according to the Connes-Douglas-Schwarz physical interpretation that
would amount to interpolation between homotopically distinct noncommu-
tative vacua of D=11 SUGRA). But one has to make special choices in order
to be able to calculate the path integral: the dimension of our torus d has
to be 3 and we can calculate only the transition amplitude between codim-1
foliations of the T 3 (namely, for some of the possible noncommutative al-
gebras TC ’s, those coming from codim-1 foliations of the T
3). The reason
for that is because for codim > 1 the Godbillon-Vey class is not quadratic
in θ and one would have to use some approximation. Since the codim has
to be 1, then the Godbillon-Vey class is a 3-form and hence in order to be
9
used as a Lagrangian density one must have a 3-manifold, hence d has to
be 3. However our argument can be applied to any closed smooth oriented
connected 3-manifold, namely not just to toroidal compactifications. There
is a hope that one might be able to use stationary phase approximation for
the 5-dim case since in this situation the Godbillon-Vey class is θ ∧ (dθ)2
which is certainly not quadratic but perhaps managable.
Before starting this calculation, we would like to make a comment about
the Godbillon-Vey class: every fibre bundle is a foliation (of the total space
of the bundle; the fibres are the leaves); consider the first Hopf fibration
S2 →֒ S3 seen as a foliation of S3 with leaves being S2. Then the Godbillon-
Vey class for this codim-1 foliation is the topological term added to the usual
principal chiral σ model action to get the skyrmions in [24]. The topological
charge of skyrmions (namely the integral of the Godbillon-Vey class over S3)
is “more or less” the Hopf index. (More or less because the principal chiral σ
model has as target space the Lie group SO(3) which is topologically half of
S3). For the case of a general compact connected Lie group G as being the
target space (instead of just SO(3)), one has the so called “Wess-Zumino”
invariant (or term). Generalising the source space of the σ model to a Rie-
mann surface with genus grater than 0, replacing S2 that is, as well as with
its relation to Chern-Simons invariant, see [26]. So the Godbillon-Vey class
should be thought of as a noncommutative generalisation of the above really
defined for any codim-1 foliation. In the special examples mentioned above
it reduces to well-known invariants (namely the Hopf invariant for the 1st
Hopf fibration and to the Wess-Zumino invariant for σ models with source
any Riemannian surface and target a Lie group).
We would like to finish this section with the key observation which in
principle enables one to compute transition amplitudes between different
modules over a fixed quantum space (namely the second level of interpola-
tion according to our terminology above); in the path integral computations
essentially the only Lagrangians whose partition function can be computed
are the quadratic ones and what actually comes out as the result is the de-
terminant of an operator (this will be quite explicit in the next section). The
path integral expression itself does not make much sense a fortiori when
one considers a quantum topological space and wants to “integrate” a La-
grangian density over it to get the action (namely equation (∗) in the next
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section). Equation (∗∗) though as we shall see in the next section in our case
involves almost exclusively the Laplace operator of the manifold considered.
The point then is that there is an analogue of the Laplace operator (which in
fact equals 1− κ where κ is the Karoubi operator) which gives the analogue
of Hodge theory for the cyclic cohomology of any associative algebra (clearly
in our case the associative algebra will be the algebra TC of the foliation).
Then as regularised determinant one should use the exp of the Dixmier trace.
So equation (∗∗) in the next section makes perfect sense even over quantum
spaces! The analogue of Hodge theory for the cyclic cohomology of any
associative algebra is due to Cuntz and Quillen (see [25]).
0.4 The computation
We shall recall some facts first about degenerate quadratic functionals. Our
references in this section are [27], [28] and [29].
A non-negative self-adjoint operator B in a Hilbert space is called regular
if for t→ +0 one has
Tr(exp(−Bt)− Π(B)) =
∑
ak(B)t
−k +O(tǫ)
where ǫ > 0 and k runs over a finite set of non-negative integers. (All oper-
ators will be assumed as being elliptic). In fact since we shall be considering
operators acting on sections of some vector bundle over a closed smooth Rie-
mannian n-manifold M , then k will take integer values from 0 to n, (see for
example [30]) and in this case the coefficients ak can be calculated by local
expressions using the Seeley formulae, see [29]. The symbol Π denotes the
projector on the kernel of the operator considered and Tr denotes the usual
trace.
We say that the operators A and B acting in a Hilbert space H form a
regular pair if B is a non-negative self-adjoint operator and for t → +0 one
has
TrA(exp(−Bt)− Π(B)) =
∑
ak(A|B)t
−k +O(tǫ)
and for t→∞ one has
TrA(exp(−Bt)− Π(B)) = O(t−N)
11
where ǫ > 0 and N is an arbitrary integer. If A = 1 then the pair (A,B) is
regular if and only if B is regular.
The zeta function ζ(s|B) of the operator B for large Re(s) can be defined
by the formula:
ζ(s|B) :=
∑
λ−sj =
1
Γ(s)
∫ ∞
0
Tr(exp(−Bt)− Π(B))ts−1dt
where λj are the non-zero eigenvalues of B. Then we define the regularised
determinant D(B) of the regular operator B to be
logD(B) := −
d
ds
ζ(s|B)|s=0
This definition is correct because the zeta function is analytic at the point
s = 0. In an analogous manner one can define families of regular operators
(see for example [27]).
Let L be a quadratic functional on a Hilbert space H , namely
L(f) =< Sf, f >
where S is a self-adjoint operator acting on H , <,> denotes inner product in
H and f ∈ H . The functional L is called non-degenerate if Sf = 0⇔ f = 0.
If S2 is regular, then we define the partition function Z of L as follows:
Z(L) := D(S)−1/2 = D(S2)−1/4
where D denotes the regularised determinant.
Now suppose that our functional is degenerate, namely there exists a
linear operator T on the Hilbert space H such that:
L(f + Th) = L(f)
where f, h ∈ H . One can check that this requirement is satisfied if and only
if ST = 0. Assuming that there exists an adjoint operator T ∗ of T and that
both operators S2 and T ∗T are regular, we can define the partition function
Z of a degenerate now functional L by the relation:
Z(L) := D(S)−1/2D(T )
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The origin of this definition as we think is quite clear, is the “Fadeev-Popov”
trick in quantum gauge theory (or BRST-formalism as it is known in physics)
and we do not consider the delicate question of Gribov ambiguities.
It is not hard to rewrite the partition function in a more convenient form
(see [27]):
Z(L) = D(✷0)
−1/4D(✷1)
3/4
where
✷0 := S
2 + TT ∗
and
✷1 := T
∗T
Now let us assume that we have a smooth closed n-manifoldM equipped
with a Riemannian metric and we consider the elliptic deRham complex of
differential forms over M in the usual way, as described for example in [31].
The Riemannian metric gives rise to inner product among differential forms,
hence one can get a (pre)Hilbert space.
Then we would like to compute the partition function
(∗)Z =
∫
Dθexp(iY
∫
T 3
θ ∧ dθ)
namely the partition function of the Godbillon-Vey class integrated over
the 3-torus T 3 and Y is a normalisation constant (in fact we choose Y to be
k/8π so as to coincide with abelian Chern-Simons theory). Clearly, from our
discussion above, the action is quadratic, the operator S is just the deRham
differential d. Our action functional L =
∫
T 3
θ ∧ dθ is actually degenerate;
one can very easily check that
L(θ + dc) = L(θ)
Hence the operator T in our general formalism described above is again the
deRham differential d. Thus applying our definition for the partition function
of degenerate quadratic functionals, the answer is (ignoring constants):
(∗∗)ZT 3 = D(△1)
−1/4D(△0)
3/4
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where △i = d
∗d+ dd∗ is the Laplace operator acting on the i-forms, i = 0, 1.
Let us forget the normalisation of the partition function for the moment.
It seems as if the result depends actually on the Riemannian metric of our
3-torus. However one can prove that this is not so, in fact we actually have
a topological quantum field theory (or a generally covariant quantum field
theory). To prove this we follow the general strategy described in [27].
We introduce a continuous family of Riemannian metrics gu on T
3 parametrised
by the parameter u, where u ∈ [0, 1]. (We assume that all families are
smooth). Hence we actually get a family of inner products <,>u among dif-
ferential forms parametrised by the same parameter u, where again u ∈ [0, 1].
The variation of the corresponding inner products by infinitesimal variation
of the metrics can be described by means of a family of operators B(u) de-
fined as follows:
d
du
< f, g >:=< B(u)f, g >=< f,B(u)g >
for f, g ∈ H (in our case f, g are actually differential forms but we keep the
more general notation assuming that they actually belong to a Hilbert space
H ; such a space can be defined using the deRham complex of differential
forms over a closed Riemannian manifold, see for example [31]).
That in turn gives rise to a family of self-adjoint operators S(u) and oper-
ators T (u) which express the degeneracy (or the gauge freedom) of our action
functional. Making the same assumptions as above concerning the regular-
ity of these operators, we finally get a family of operators ✷0(u) and ✷1(u)
defined in a similar fashion. Eventually we get a family Z(u) of partition
functions. Then one has the the following:
Proposition 1:
d
du
logZ(u) =
1
2
a0(B(u)|✷0(u))−
1
2
a0(B(u)|✷1(u)
where of course the coefficients a0 are the ones appearing in the definition
of a regular operator suitably generalised for pairs of regular operators in
this case. These coefficients as we stated before, can be computed by local
expressions using the Seeley formulae. For the proof of the proposition we
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refer to [27] (but in fact it follows from statements proved in [28]). It relies
on direct but somehow tedious calculations.
But now we recall an important application of the Atiyah-Singer index
theorem (see [31]):
The index of an elliptic differential operator on an odd dimensional smooth
closed manifold is zero.
From the heat kernel proof of the Atiyah-Singer Index theorem we also
know, using the Seeley formula once more, that the index of an elliptic dif-
ferential operator say A is actually equal to (let A∗ denote the adjoint of
A):
ind(A) = a0(AA
∗)− a0(A
∗A)
where the coefficient a0 is again the one appearing in the definition of a regu-
lar operator. (See for example [33] or [30]). Since we are on a 3-manifold the
index has to vanish and hence the derivative of our partition function which
by the proposition was proved to be equall to the index of some operator on
a 3-manifold vanishes too; hence our partition function ismetric independent.
We shall make various remarks now:
The first and most important one is about the domain of the path inte-
gral. In our discussion above we assumed integration over all 1-forms θ. Yet
from our discussion about foliations, it seems more appropriate, in order to
compute the contibution from interpolation between non-homotopic codim-1
foliations of the 3-torus, to consider only basic connection 1-forms θ. The
problem we have of course in this case is that we do not know what this space
is. If we were on an even dimensional manifold which could be equipped with
a complex structure we could apply Simpson’s result which establishes a 1:1
correspondence between basic (=Higgs) connections and “flat” connections
(the spaces of flat connections have in general been studied more than basic
connections). The crucial observation though is that if we restrict ourselves
to a particular case of codim-1 foliations called “taut” (for the definition see
the next section) and we want to compute the contribution to the path inte-
gral from interpolation between non-homotopic taut codim-1 foliations, we
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encounter an interesting result due to Thurston and Kronheimer-Mrowka,
which states that for a closed oriented connected 3-manifold (provided a re-
striction holds), there is only a finite number of those. In this case the path
integral should be replaced by a finite sum and that’s certainly (in principle)
calculable. This fact may be used to define new invariants for 3-manifolds,
perhaps related to invariants which are already known. More on this in the
next section where we shall mention all the relevant details.
It is we think an interesting feature that at the quantum level this theory
(describing codim-1 foliations on a 3-manifold) coincides with Abelian Chern-
Simons theory if we integrate over all connection 1-forms. The fact that we
talk about foliations, hence basic connection 1-forms, seems to correspond
to being “on shell” for the non-abelian Chern-Simons theory on a (2+1) 3-
manifold, bearing in mind as a rough analogy the results proved in [23]. Let
us explain this point more: Recall that for non-abelian Chern-Simons theory
on a 3-manifold, being on-shell means flat connections; the (2+1) decom-
position of our 3-manifold needed for relating Lagrangian and Hamiltonian
formalism essentially reduces the problem from our original 3-manifold to
a 2-manifold whose space of flat connections has been extensively studied;
this is the reason why the geometric quantisation scheme applies and in fact
was used in [12] to solve non-abelian Chern-Simons theory; a 2-manifold can
obtain a complex structure but then Simpson’s result establishes a 1:1 corre-
spondence between Higgs (=basic) connections and flat connections–in fact
local coefficient systems (we have ignored some of the details of Simpson’s
results, namely that Higgs bundles have to be semistable with vanishing 1st
and 2nd Chern classes). In the last section where we shall discuss M-Theory
we shall see a striking similarity with Chern-Simons theory in dim 3.
A full treatment of both Abelian and non-Abelian Chern-Simons theory
with its relation to knots and links was given in [34] (see also [35]). In general
there are two approaches: the observables expectation values’ approach and
the topological quantum field theory approach.
We start using the first and in particular we would like to comment on the
importance of “framings” of knots (Wilson-lines), especially in the quantum
level. The introduction of framings is not motivated by the need to eliminate
divergencies but by the necessity of preserving general covariance.
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We shall use the physics terminology now (our previous discussion based
on the concise terminology of [27] essentially captures BRST-formalism): in
order to define the quantum theory of Abelian Chern-Simons theory in 3
dimensions, one can start by applying the well-known BRST formalism; in
the Landau gauge the total action will be:
L˜ =
k
8π
∫
d3x(ǫµνρθµ∂νθρ −B∂
µθµ + c¯∂
µ∂µc)
where B is a bosonic auxiliary field and c¯, c are the ghost fields. Since the
metric enters in the gauge fixing procedure only, for gauge invariant and
metric independent observables general covariance is preserved. One can
compute the propagators
< θµ(x)θν(y) >=
i
k
ǫµνρ
(x− y)ρ
|x− y|3
< θµ(x)B(y) >= −
i(x− y)µ
k|x− y|3
and
< c(x)c¯(y) >= −
i
k|x− y|
Since we can calculate the partition function one can go on and try to
calculate some vacuum expectation values
< ei
∫
Jθ >= Z−1
∫
Dθexp(i
∫
M3
θ ∧ dθ)ei
∫
Jθ
where J is some source term. An important class of such terms which would
have to be gauge invariant quantities are the so called Wilson lines W (C),
where C is some loop in our 3-manifold or more generally an oriented knot
(these are supposed to be our observables). In the abelian theory, at the
classical level, these Wilson lines are just line integrals but in the non-abelian
case one has to introduce path order and the situation is more complicated.
One can represent them as an infinite sum of iterated integrals (see [40]).
At the quantum level though, even in the Abelian case one has to face the
following complication which essentially forces one to use “framed” Wilson
17
operators: in considering Wilson line operators one has to exponentiate the
integral of the 1-form θ. Consequently one has to analyse the case in which
the product of two or more θµdx
µ integrals performed on the same loop
occurs. One may try to do that naively by defining:
(
∮
C
θµdx
µ)2 :=
∫ 1
0
ds
∫ 1
0
dtx˙µ(s)θµ(x(s))x˙
ν(t)θν(x(t))
where x(s) parametrises C and dot means derivative with respect to the
relevant variable. With this naive definition of (
∮
C
θµdx
µ)2, the vacuum ex-
pectation values are finite but general covariance is not maintained. This is
a common problem in quantum level and the origin of this is the following
fact: at the classical level knowing θ(x) is sufficient for determining its powers
{θ2(x), ...} yet at the quantum level things are more subtle; the field operator
θ(x) is well defined in the sense that its correlation functions are well defined
but this is not enough for uniquely determining what the quantum operators
{θ2(x), ...} mean.
It turns out that the correct definition in order to maintain general co-
variance is to use framings for knots, namely for each knot C parametrised
by {xµ(s); s ∈ [0, 1]} we intoduce a framing Cf parametrised by y
µ(s) =
xµ(s) + ǫnµ(s) where ǫ > 0 and |~n(s)| = 1, where nµ is a vector field orthog-
onal to C. Then one defines:
(
∮
C
θµdx
µ)2 := limǫ→0
∮
C
θµdx
µ
∮
Cf
θνdy
ν
with the convention that the ǫ → 0 limit has to be taken after all the Wick
contractions and integrations have been performed. Of course at the classical
level both definitions coincide. Hence now expectation values of powers of
Wilson lines on the same loop are generally covariant.
The definition then of the composite Wilson line operator by means of the
framing procedure is quite natural: the naive expression for the associated
Wilson line operator would be
W (C) = exp(i
∮
C
θµdx
µ) :=
∑
n
in
n!
∮
C
θµ1(x1)dx
µ1
1 ...
∮
C
θµn(xn)dx
µn
n
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Yet as explained above this may cause problems in maintaining general co-
variance. To be more precise, in a generic product
∮
C
θµ1(x1)dx
µ1
1 ...
∮
C
θµn(xn)dx
µn
n =
∫ 1
0
ds1...
∫ 1
0
dsnx˙
µ1(s1)θµ1(x(s1))...x˙
µn(sn)θµn(x(sn))
appearing in the previous equation, each term x˙µi(si)θµi(x(si)) is replaced
by
x˙µi(si)θµi(x(si))→ [x˙
µi(si)θµi(x(si))]f
where
[x˙µi(si)θµi(x(si))]f = (x˙
µi(si) + ǫin˙
µi(si))θµi(x(si) + ǫin(si))
where the vector field nµ characterises the choice of framing as specified above
and the values {ǫ} = {ǫi; ǫi > 0} can be arbitrarily chosen provided ǫi 6= ǫj
for i 6= j.
Finally the composite Wilson line operator associated with a framed knot
C is defined as
W (C)f := lim{ǫ}→0
∑
n
in
n!
∫ 1
0
ds1...
∫ 1
0
dsn{[x˙
µ1(s1)θµ1(x(s1))]f ...[x˙
µn(sn)θµn(x(sn))]f}
In the non-abelian case one can define composite Wilson line operators
associated with framed knots similarly.
Anyway we present for completeness the solution to the Abelian Chern-
Simons theory; consider a generic oriented framed link L with m components
{C1, ..., Cm} in which the i-th component Ci has framing Cif (we omit the
charges for simplicity). In each term of the expression above for the composite
Wilson line operator the Wick contractions are defined using the propagators
we had previously computed. As it is well-known the combinatorics of the
resulting Feynman diagrams reproduce the expansion of an exponential term.
The sum of all the contributions defined by the perturbative expansion gives
the expectation value of the associated Wilson line operator W (L):
< W (L) >= exp{−i
2π
k
[
∑
i
χ(Ci, Cif) + 2
∑
i<j
χ(Ci, Cj)]}
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where χ denotes the linking number. Hence we see that < W (L) > repre-
sents a regular isotopy invariant for link diagrams.
In the framework of the second approach (the topological one), one wants
to see the Abelian Chern-Simons theory as a rule to assign invariants on
the 3-manifold considered. In order to do that one should normalise the
partition function by computing it on a given fixed 3-manifold, say S3, and
then consider the ratio
R(M,S3) =
Z(M)
Z(S3)
=
< 0|0 > |M
< 0|0 > |S3
for any oriented closed connected 3-manifold M where Z is the partition
function
Z(M) =
∫
M
Dθexp(iL)
using the Abelian Chern-Simons action L. The partition function represents
the vacuum to vacuum amplitude < 0|0 > |M ; this by itself cannot represent
any meaningful invariant, unlike the expectation values of the observables
< W (L) > |M =
< 0|W (L)|0 > |M
< 0|0 > |M
which are well-defined because they are properly normalised.
These two approaches to 3-dim Chern-Simons theory are different: the
observables expectation values approach described previously tells us how to
compute the observables in a given 3-manifold only whereas for the topo-
logical quantum field theory approach one must have a way to obtain other
3-manifolds from S3 which is the fixed 3-manifold used for the normalisation
of the partition function. To do that, there are two strategies: either move
to dim 4 and consider cobordisms or perform surgeries on S3 and get other
3-manifolds.
The first strategy has not been developed since there are many difficulties.
Yet our original new idea along these lines here is that taut foliations give
cobordisms between symplectic 4-manifolds. In order to establish this new
normalisation for the topological approach to 3-dim Abelian Chern-Simons
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theory (at least in the special case where the 3-manifold has a taut codim-1
foliation) we need to review some recent results from geometry in the next
section where we shall mention “symplectic fillings” of 3-manifolds.
As about the usual strategy of normalisation, namely using surgeries, we
would like to mention simply that it leads (after inserting a non trivial phase
factor to restore invariance under Kirby moves–this is not required in the
Abelian case and it is the phase in [12] section 2 appearing from the Chern-
Simons invariant of the flat connections which are the stationary points of
the action) to the Reshetikhin-Turaev invariant for 3-manifolds (which is the
rigorous version of Jones-Witten theory, see [36]). It is quite helpful that in
fact these surgeries can be understood in terms of symmetry transformations
acting on the system. Moreover a surgery operator representing surgery actu-
ally exists so the result of surgery can be obtained by inserting that operator
in the expectation values (hence one might say that the 2 approaches are
related). We do not intend to repeat all the details here, they can be found
in the textbooks which we refered to.
The two theories (namely abelian Chern-Simons and Godbillon-Vey) are
very closely related because considering codim-1 foliations on a 3-manifold
gives a normal bundle which is of rank 1, hence one can think of it as an
abelian adjoint bundle. For codim grater than 1 of course the two theories do
not coincide but in this case the Godbillon-Vey class is not quadratic. But
we think that there is a nice geometric interpretation (at least in one case
which we will call transverse instanton) describing these “noncommutative
solitons”, namely the interpolation between homotopically distinct codim-1
foliations of T 3 (or equivalently the interpolation between non Morita equiv-
alent noncommutative C∗-algebras TC in [17]). We shall try to describe this
in the following section.
Let us also make another remark concerning our terminology: it is clear
we think from the discussion above that we call a noncommutative instan-
ton an interpolation between homotopically distinct codim-1 foliations of the
3-torus. It is unfortunate that in the literature the term noncommutative in-
stanton is used to describe also deformations of ordinary instantons, namely
instantons over R4 where the commutative algebra of functions on R4 is re-
placed by a deformation involving a star product (quantum algebra of the
Moyal bracket). What we describe here is different.
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The last remark in this section is the following: on a 3-manifold, say M ,
(closed, orientable, connected) we have 3 different 3-forms:
A ∧ dA
namely the Abelian Chern-Simons 3-form, where A is a connection 1-form
on an Abelian bundle E over M (hence A is a real valued 1-form);
Ω ∧ dΩ
where Ω is a nowhere vanishing real 1-form which defines a codim-1 foliation
F on M . From the integrability of F follows that Ω∧dΩ = 0 or equivalently
dΩ = θ∧Ω for θ a basic connection 1-form on the normal bundle Q = TM/F
of the codim-1 foliation; one then also has the Godbillon-Vey class of the
codim-1 foliation F which is
θ ∧ dθ
In principle these 3-forms represent three different things, but they are re-
lated; If the Abelian Chern-Simons action is on shell, then A is flat, hence
since we are in the Abelian case this means that A is closed, so the 3-form
no1. above which represents the Chern-Simons invariant vanishes. Hence
now the Abelian Chern-Simons action itself satisfies the integrability condi-
tion and A (which is diferent from zero) can be used to define a codim-1
foliation onM . A closed 1-form as we shall see in the next section can define
a codim-1 foliation which cannot be linearly deformed into a contact struc-
ture. Moreover in this case θ has to vanish, hence the Godbillon-Vey class
is also zero. In general any G-bundle (where G a compact connected Lie
group) over a smooth closed n-manifold M say gives a foliation of the total
space of the bundle (just because the Lie algebra of vertical vector fields,
namely the vector fields tangent to the gauge orbits, closes). If in addition
this G-bundle is flat one has an extra foliation called horizontal. This case
was extensively studied in [16]; the relation between the Godbillon-Vey class
and characteristic classes of flat bundles (which include the Chern-Simons
invariants for flat connections) is treated in detail in [18].
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0.5 Confoliations
We shall mention some facts concerning contact structures. An orientable
closed smooth (2n + 1)-manifold M is contact if and only if there exists a
1-form Ω such that
Ω ∧ (dΩ)n 6= 0
everywhere on M . If we choose local coordinates (x1, ..., xn, y1, ..., yn, z) on
M , then locally one has
Ω = dz −
n∑
i=1
yidxi
The (2n+1)-manifold M is called almost contact if the tangent bundle TM
can be reduced to a U(n)-bundle over M . Contact implies almost contact.
There is a topological obstruction for the existence of an almost contact
structure which involves the 3rd Stiefel-Whitney class: it has to vanish in
order that the tangent bundle can be reduced to a U(n)-bundle (hence the
3rd Stiefel-Whitney class is the primary obstruction for the existence of a
contact structure). Using the contact 1-form Ω one can define a Poisson
bracket for vector fields on M , just like for the symplectic case (see [41]).
Let now M be a closed smooth oriented 3-manifold. A codim-1 foliation
onM is defined locally by a nowhere vanishing 1-form Ω. Integrability means
that
Ω ∧ dΩ = 0
If on the contrary the above expression is everywhere nonvanishing on M ,
then we say that Ω defines a contact structure on M . A contact structure is
the odd-dimensional analogue of a symplectic structure and from its defini-
tion we see that it is exactly the opposite of a foliation.
Following [39], a positive (resp. negative) confoliation is defined by a
nowhere vanishing 1-form Ω on M such that
Ω ∧ dΩ ≥ (resp. ≤)0
This can be generalised for codim-1 foliations on any odd dimensional man-
ifold (see [39]). Then one has the following definition:
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Let Ω be a 1-form on M such that {Ω = 0} defines a codim-1 foliation
F on M (namely F is a codim-1 integrable subbundle of the tangent bundle
TM of M). We say that F can be linearly deformed into a positive contact
structure if there exists a deformation Ft given locally by {Ωt = 0}, where t
is real and non-negative such that Ω0 = Ω and
d(dΩt ∧ Ωt)
dt
|t=0 > 0
The above inequality is equivalent to the inequality
< Ω, X >:= Ω ∧ dX +X ∧ dΩ > 0
where
X =
dΩt
dt
|t=0
Note that this condition depends on the foliation F only and not on the
choice of the defining 1-form Ω (recall that Ω and fΩ where f is an arbitrary
function define the same foliation F ).
If Ω is a 1-form that defines a foliation, then we want to find a 1-form
X such that < Ω, X >> 0. Let us define a real valued symmetric form
<< Ω, X >> by integrating the 3-form < Ω, X >, namely
<< Ω, X >>=
∫
M3
< Ω, X >
Stokes’ theorem shows that
<< Ω, X >>= −2
∫
M3
Ω ∧ dX = 2
∫
M3
X ∧ dΩ
If Ω is a closed 1-form, this guarantees that Ω ∧ dΩ = 0, hence integrability
holds, but in this case << Ω, X >>= 0 for any 1-form X . So a foliation
defined by a closed 1-form cannot be linearly deformed into a contact struc-
ture. Foliations defined by closed 1-forms are homotopic to foliations with
no holonomy (for the proof see [39]).
Conversely if there exists a 1-form X which satisfies the above inequality
then the deformation
Ωt = Ω + tX
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is the required linear deformation which defines contact structures Ft given
by the equation {Ωt = 0} for small t 6= 0. We say that a foliation F can be
deformed into a contact structure if there exists a deformation Ft beginning
at F0 = F such that Ft is contact for t > 0. We shall consider approximations
of a foliation F by contact structures when it will not be clear that this could
be done via a deformation.
There are also non-linear deformations of foliations to contact structures,
we shall give an example: let F0 be the foliation of the 3-torus T
3 by the
2-tori T 2 × p, where p ∈ S1. If x, y, z ∈ [0, 2π) are coordinates on T 3, then
F0 is given by the equation dz = 0. Hence for any integer n > 0 and any real
t > 0 the form
atn = dz + t(cosnzdx+ sinnzdy)
defines a contact structure on T 3.
Thurston conjectures in [39] that it is likely that any foliation on an ori-
entable 3-manifold can be deformed (or approximated) into a contact struc-
ture (though not necessarily linearly). He has proved a statement which is
only slightly weaker.
Anyway, the relation all this has with our case is the following: recall
that in order to linearly deform a codim-1 foliation given by a 1-form Ω into
a contact structure, one has to find another 1-form X satisfying a certain
inequality described above. Let us consider the case where the 1-form X
itself also defines another codim-1 foliation. But Ω and X have to satisfy the
inequality
< Ω, X >= Ω ∧ dX +X ∧ dΩ > 0
Then the foliations defined by Ω and X are transverse and for all t ∈ (0, π)
different from π/2, the 1-form Ωcost+Xsint defines a contact structure. We
call this a transverse instanton, namely an interpolation between transverse
codim-1 foliations. There is an alternative description using the notion of
conformally Anosov flows, namely instead of using the contact structure de-
fined by the 1-form Ωcost + Xsint one can use a vector field Y say, whose
flow is conformally Anosov (the definition is the same using transversality
of codim-1 plane fields which provide a continuous splitting of the tangent
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bundle of our 3-manifold). The 3-torus has many conformally Anosov flows.
After this nice geometric interpretation of some noncommutative instan-
tons (namely those interpolating between “transverse” codim-1 foliations)
we would like to finish this section with another remark: contact structures
are the odd-dim analogue of symplectic structures, hence it is natural to
try to see how they can be related in the case where for example one has a
symplectic 4-manifold with boundary and the 3-manifold on the boundary
has a contact structure; foliations in most cases, as we have seen, can be
approximated by contact structures. It turns out that a close relation indeed
exists but this happens only for a special class of contact structures called
tight. It is very interesting that this special class of tight contact structures
is the approximation of a special class of foliations, called taut.
A contact structure (namely a codim-1 nowhere integrable subbundle F
of the tangent bundle) on a 3-manifold M is called overtwisted if there ex-
ists an embedded disk D ⊂ M such that ∂D is tangent to F but D itself
is transversal to F along ∂D. A contact structure is called tight if it is not
overtwisted. Overtwisted contact structures are very flexible whereas tight
contact structures have a lot of rigidity properties.
Moving to the other end of the confoliation scale, namely foliations, we
call a foliation taut if it is different from the (trivial) foliation S2 × S1 and
satisfies any of the following equivalent properties which are due to Novikov
(see [42] or [44]):
1. Each leaf is intersected by a transversal closed curve. (Remark: This can
be used as a generalisation of the 1-extra dimension in M-Theory compared
to strings, namely instead of just M11 = X10× S1 for some 10-manifold X10
on which strings live, we require that M11 admits a taut codim-1 foliation).
2. There exists a vector field X on M which is transversal to F (F is now an
integrable codim-1 subbundle of the tangent bundle) and preserves a volume
form on M
3. M admits a Riemannian metric for which all leaves are minimal surfaces.
It seems that in some sense tight contact structures correspond to taut
foliations, in the sense that they share many common features as we shall see.
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Let (M,F ) be a confoliation and ω a closed 2-form on M . We say that
ω dominates F if ω|F does not vanish.
For a foliation the existence of a dominating 2-form ω is equivalent to
property 2. above of being taut. For if the vector field X is transverse to
F and preserves a volume form say Y , then the closed 2-form ω := XyY
dominates F . Conversely, suppose ω dominates F defined by Ω = 0. Then
the vector field X such that Xyω = 0 and Ω(X) = 1 is transverse to F and
preserves the volume form Y := ω ∧ Ω.
Suppose now that a 3-manifold M with a positive confoliation F bounds
a compact symplectic 4-manifold (W,ω). We call (W,ω) a symplectic filling
of the confoliated manifold (M,F ) if ω|M dominates F and M is oriented as
the boundary of the canonically oriented symplectic manifold (W,ω). If F
is a foliation then the orientation condition is irrelevant. Equivalently in the
above situation M is called symplectically fillable. (Restriction to connected
component gives same definitions with the word “semi-fillable” instead of
fillable)
Proposition 2:
Taut foliations are symplectically (semi-)fillable.
Proof:
Let ω be a dominating 2-form for the taut foliation F defined by Ω = 0
on M . Set W := M × [0, 1] and define a closed 2-form ω˜ = p∗ω + ǫd(tΩ)
where p is the projection p : W →M . When ǫ > 0 is small then the form ω˜
is non-degenerate and dominates F on ∂W =M × 0 ∪M × 1.
It is considerably harder to prove that symplectically (semi-)fillable con-
tact structures are tight (see [39]). Hence the property of symplectic fillability
is shared by taut foliations and tight contact structures. We then have the
following
Crucial fact:
Another property which is common in tight contact structures and taut
foliations is that only finitely many homotopy classes of codim-1 subbundles
of the tangent bundle TM are representable by taut foliations; but also for a
closed orientable 3-manifold M only finitely many cohomology classes from
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H2(M) can be represented as Euler classes of tight contact structures.
The second statement about tight contact structures follows from Thurston’s
basic inequality (see [45])
|e(F )[N ]| ≤ −χ(N)
where e(F ) is the Euler class of the codim-1 nowhere integrable subbundle F
of TM which is a contact structure and N is a closed embedded orientable
2-manifold N ⊂M and χ(N) is its Euler characteristic.
The first statement concerning taut foliations follows from a result of Kro-
nheimer and Mrowka using Seiberg-Witten theory for symplectic 4-manifolds
(namely that symplectically semifillable contact structures may represent
only a finite number of homotopy classes of plane fields, see [46]).
The restriction for the above result to hold is that the 3-manifoldM must
have H2(M)/h(π2(M)) 6= 0, where h : π2(M)→ H2(M) is the Hurewicz ho-
momorphism. Only if this restriction holds the 3-manifold admits a tight
(moreover symplectically semi-fillable) contact structure.
We end this section with the following remarks: symplectic (semi-)fillability
is invariant under surgeries of index 1 and 2. and the 3-torus T 3 admits in-
finitely many non-diffeomorphic but homotopic contact structures.
Hence to summarise, the point of this section was twofold:
First we tried to indicate a possible way to normalise our path integral
of the previous section (and hence 3-dim Abelian Chern-Simons theory, at
least in some special cases) by using the idea that symplectic 4-manifolds
(which are symplectic fillings of the boundary 3-manifolds carrying tight con-
tact structures) give cobordisms of 3-manifolds with codim-1 taut foliations
(where codim-1 taut foliations are approximated by tight contact structures).
As we saw, interestingly enough, when the topology of the 3-manifold is such
that it has a 4-manifold as its symplectic filling, (see the restriction mentioned
above), there are only a finite number of these. That assures convergence of
the series giving the contribution to the path integral from interpolation be-
tween taut codim-1 foliations of our 3-torus and hence can be used to define
quantum invariants for 3-manifolds. In the next section we shall try to apply
some of these ideas to M-Theory in D=11 but in higher dimensions nothing
is known; actually even the fact that the simplest 11-manifold, ie S11 ad-
mits 5-plane fields was only conjectured in [16], the motivation coming from
S-duality in M-Theory.
Secondly we tried to exhibit some nice geometric interpretation of non-
commutative instantons between transverse codim-1 foliations which can be
described by conformally Anosov flows and to underline some striking sim-
ilarities between taut foliations and tight contact structures; perhaps then
these two can be united with a notion of tight (or taut) confoliations and
hence one will then have tight (or taut) noncommutative instantons (ie in-
terpolation between taut foliations). The right definition is still unsettled in
the literature. Moreover taut foliations play an important role if one wishes
to study metric aspects of foliations.
0.5.1 A new invariant for 3-manifolds?
It is we believe quite obvious now from our discussion above that we have an
invariant for 3-manifolds which is just the sum of the Godbillon-Vey classes
(integrated over the fundamental class of our 3-manifold) of all the codim-1
taut foliations of our 3-manifold. The Godbillon-Vey class for codim-1 fo-
liations is a 3-dim cohomology class hence integrated over the fundamental
class of our 3-manifold gives a number. The crucial fact are the Thurston
and Kronheimer-Mrowka results that there exist a finite number of taut
codim-1 foliations (provided of course that the 3-manifold satisfies the re-
quirement stated above for the existence of symplectic fillings), combined
with Thurston’s theory of confoliations and approximations of taut codim-1
foliations by tight contact structures. Hence the sum of all these is finite. For
the moment we are rather careful and we do not claim that this is definitely
a new invariant for 3-manifolds. (That justifies the question mark in the title
of this subsection).
A physical interpretation of this is that it corresponds to the condribu-
tion to the path integral from interpolation between “taut” noncommutative
vacua according to the Connes-Douglas-Schwarz interpretation (which are
represented by taut codim-1 foliations of the 3-torus or any 3-manifold in
fact).
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The interesting point would be to see its relation to the Chern-Simons
topological quantum field theory invariants and everything that follows from
them; we suspect that at least with the Abelian Chern-Simons theory in-
variants must be a close relation. The notion of symplectic fillability also
strongly suggests perhaps a relation with symplectic 4-manifolds invariants.
Let us underline that this invariant depends only on the topology of the 3-
manifold, the taut codim-1 foliations are used as an intermediate step which
at the end are “integrated out”, as physicists would say (it’s like the use
of bundles in Donaldson invariants’ case or Jones-Witten invariants’ case).
The crucial fact is that this “integration” actually reduces to a finite sum,
hence no convergence questions arise, for taut codim-1 foliations, due to the
Thurston and Kronheimer-Mrowka results stated above (although we do not
perform any explicit calculations in this article).
Let us also remark that in the Chern-Simons theory (see [12]), there is an
important restriction: the topology of the 3-manifold is such that there is a
finite number of irreducible representations of the fundamental group (hence
a finite number of gauge equivalence classes of flat connections). In our case
the restriction on the 3-manifolds comes from what is assumed in order to
have symplectic fillings (see the last remarks in the previous section). We do
not know which restriction is more narrow. We belive however that perhaps
the most interesting point is that this foliation approach makes contact of
“classical topology” with “noncommutative topology”; the later seems to
provide quite impressive generalisations.
0.6 Linearised M-Theory
Let us start by saying that the reason why we elaborated extensively on
the dim 3 case, apart from the definition of a possibly new invariant for 3-
manifolds and our new idea to normalise Abelian Chern-Simons topological
quantum field theory using symplectic 4-manifolds as providing cobordisms
of 3-manifolds with taut codim-1 foliations, is the hope that improving our
understanding in dim 3 may be of some use in treating M-Theory in D=11;
in [16] a purely topological Lagrangian density was suggested for M-Theory
which was in fact the generalisation of the Godbillon-Vey class (which orig-
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inally applies to codim-1 foliations), that describes codim-5 foliations on an
11-manifold. The motivation for that was the idea that starting from 5-
branes (which are the “solitons” of D=11 SUGRA) we assumed that our
11-manifold was actually foliated by codim-5 submanifolds, the world vol-
umes of the 5-branes (a 5-brane in time sweps out a 6-manifold, hence its
codim is 11-6=5). Our understanding has improved: as we have explained
above the 1-form θ appearing in the Godbillon-Vey class is actually a basic
connection on the normal bundle of the foliation; its relation to the funda-
mental 3-form field C of D=11 supergravity was described in [16]. But the
assumption that the 11-manifold had to be foliated was ad hoc.
Now we have a good explanation for that: recall that the Polyakov action
for strings actually describes embeddings of Riemann surfaces (source space
in the σ model language) into the target space which in string theory is a
10-manifold. Foliations describe in general immersed (6-dim in our case)
submanifolds (the leaves, which are the world volumes of the 5-branes) into
the target space which now is an 11-manifold (for this elementary but fun-
damental fact one can see [43] or [44]). So by assuming that the target space
in M-Theory is foliated by codim-5 submanifolds we essentially immitate the
string theory (actually σ model) recepie but with one important difference:
instead of embeddings we assume immersions! But here comes the crucial
fact: in [37] a calculus for functors was developed using the notion of the
differentiation of a functor; roughly the differential of a functor means the
“best first order linear approximation”. We shall give a brief outline of the
relevant ideas:
A prespectrum is a sequence of based spaces {Ci|i ≥ 0} along with based
maps (the structure maps) Ci → ΩCi+1 where Ω denotes now based loops.
A spectrum is a prespectrum in which the structure maps are (weak homo-
topy) equivalences. The associated spectrum of a prespectrum {Ci} is the
homotopic colimit {hocolimjΩ
jCj+1}.
A functor from spaces to based spaces is linear if it respects homotopy
invariance, it is excisive and also it is reduced; The meaning of the first condi-
tion is obvious, the second requirement means that when applying homotopy
groups one has a Mayer-Vietoris type of sequence, or in a more advanced
terminology a functor is excisive if it takes (homotopy-) co-Cartesian square
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diagrams to (homotopy-) Cartesian square diagrams; in this case, if we de-
note our functor F , the reduced functor F˜ (Y ) applied on a space Y is the
fibre of F (Y ) → F (∗), where ∗ is the one-point space. The functor F is
called reduced if F (∗) is contractible (i.e. can be reduced to a point, hence
F (∗) ∼= ∗). If F is a linear functor, then {F (Si)} is called its coefficient spec-
trum. If F is not excisive, then the spaces F˜ (Si) still form a prespectrum.
The associated spectrum is written ∂F (∗) and is called the derivative of F
at ∗. The differential of F at ∗, written D∗F is the functor taking a space
Y say to the (homotopy co-)limit of
F˜ (Y )→ ΩF˜ (SY )→ Ω2F˜ (S2Y )→ ...
where SY is the suspension of Y . The above discussion can be generalised
to the differential of a functor F with respect to a space X instead of ∗, and
that is denoted DXF . For more details see [37].
Now we apply Goodwillie’s general formalism to the embedding functor
and we try to approximate it using the immersion functor, this approach
is due to M. Weiss (see [38]). So the result is that the embedding functor
(which assigns to any manifold say M all its embedded submanifolds) is not
linear but the immersion functor is linear. But one has more than that: one
can think of the immersion functor as being the linearisation of the embed-
ding functor or in other words one can think of the immersion functor as
the “differential” of the embedding functor. Let us also add that based on
Goodwillie’s original ideas again, in [38] a Taylor series expansion for the
functor of embeddings was proposed using immersion theory; moreover the
question of convergence was also addressed; that suggests that one might be
able to go further than this linear approximation for M-Theory.
Linear functors are particularly useful in topology because every gener-
alised homology theory (like K-Theory for example) arises from some linear
functor of spaces (this is a classical result due to Whitehead). The above
argument is based on a specific application of Goodwillie’s work used by
Madsen and Tillmann in their programme to prove the Mumford conjecture
for the (linearised) mapping class group. The justification for this approxi-
mation is supported also from the fact that as was pointed out clearly in [16]
(section 7) in dimensions grater or equal to 4 (namely for p-branes where
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p ≥ 3) one cannot have something analogous to strings (=1-branes) where
a summation over all 2-manifolds is performed by summing over all possible
gena (for 3-manifolds, namely 2-branes the question from the point of view
of topology is still open).
Just for convenience we briefly recall that in string theory one starts
with harmonic maps φ : Σg → M
10 which describe embeddings from a
Riemann surface Σg with genus g to a target space M
10 which is a 10-
manifold. These 2-dim quantum field theories can be viewed as path integrals∫
Dφe−S[φ] := Fg(M
10) where S[φ] =
∫
Σg
|dφ|2. Then one has to sum over
all Riemann surfaces, which means a sum for all g from zero (corresponding
to the 2-sphere) to infinity. The reason for this is because 2-manifolds have
a very simple topological classification: they are classified according to their
genus. For 3-manifolds (namely a theory involving 2-branes) the topological
classification is not known. For dimensions bigger than 3 one cannot clas-
sify non simply connected manifolds. That means that one cannot go beyond
tree-level in perturbation theory. So our approximation involves, for a theory
containing say p-branes (hence the source spaces will be (p + 1)-manifolds),
summation over all codim-(n− p− 1) foliations of the target space, assumed
to be an n-manifold. It is understood that a single codim-(n−p−1) foliation
contains many (in fact infinitely many) (p + 1)-submanifolds (yet for each
one of them one does not have very much control of its topology; they are
connected though and their disjoint union gives the target space). Moreover
these submanifolds are in general immersed and not embedded. Yet this
Taylor series expansion may provide a way to go around this problem (the
reason that this might work is that a foliation contains many immersed sub-
manifolds, the leaves, and one does not treat each submanifold idividually).
So what we actually propose is a linearised M-Theory (or perhaps an
“on-shell” M-Theory). Yet, from the point of view of physics now, this is
actually not too bad because no direct approach to M-Theory is known; all
approaches are via its limiting theories, ie either strings in D=10 or super-
gravity in D=11. Our approach is addmitedly a linearised version but it is at
least direct. Moreover it’s a field theoretic approach although our basic field
θ which is a 1-form has a rather complicated relation with the basic 3-form
field C of D=11 supergravity (this was exhibited in [16] section 7). Yet if one
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wants to calculate the path integral using only the generalised Godbillon-Vey
class as a Lagrangian density, one has to use yet another approximation be-
cause the generalised Godbillon-Vey class which describes codim-5 foliations
is an 11-form but it is not quadratic in the basic field θ (basic connection on
the normal bundle). But things are perhaps much worse because as pointed
out to us by A.S. Schwarz the most obvious approximation, namely station-
ary phase approximation is also useless in this case due to the large power 5
of the Godbillon-Vey class in this codim-5 case. Nevertheless we think that
this should lead to some topological quantum field theory.
The Euler-Lagrange equations for the action using the Godbillon-Vey
class
L =
∫
M11
θ ∧ (dθ)5
read
(dθ)5 = 0
Particular solutions are closed 1-forms θ and possibly zero is the only mini-
mum of the action.
Trying to think of an alternative instead of the Godbillon-Vey class to
be used in this 11-dim M-Theory case, another suggestion perhaps would
be, if one believes this linear approximation using foliations, the following
expression (which is again an 11-form):
L = Ω ∧ dΩ
where Ω is a decomposable 5-form defining the codim-5 foliations. This La-
grangian density is quadratic. The fact that we consider foliations (namely
integrable subbundles of the tangent bundle) actually means that our La-
grangian density is zero as we explained earlier. So we should think of folia-
tions as structures defining our theory on shell. At this stage we would like
to remind one of our last comment in section 4 about the relation between
foliations and on-shell Abelian Chern-Simons theory.
At the quantum level though one would expect that quantum corrections
will spoil this foliation structure and in the relevant path integral one should
integrate over all 5-forms Ω. The path integral then can be computed directly
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from our general discussion about degenerate quadratic functionals in section
4 (this functional is obviously degenerate having invariance under addition
of exact 5-forms):
Z(M11) =
∫
DΩexp(i
∫
M11
Ω ∧ dΩ) = D(∆5)
−1/4D(∆4)
3/4
using the zeta function regularisation D for the determinant of the corre-
sponding Laplacians. It is perhaps worth mentioning again that now we are
not interested in interpolations between homotopically distinct codim-5 fo-
liations, so we integrate over all 5-forms Ω. On shell, these 5-forms have to
be decomposable and to satisfy the integrability condition (the action itself
then vanishes). We cannot say anything for the normalisation of the path
integral. This partition function then is metric independent hence we have
a topological quantum field theory (the result follows from our discussion in
section 4 and essentially it is due to the fact our manifold is odd dimensional,
in fact 11-dimensional).
Note that the Godbillon-Vey class was used as a Lagrangian density to
describe contribution from interpolation between non homotopic codim-1 fo-
liations of the 3-torus whereas for this linearised M-Theory (starting from
D5-branes) we propose a Lagrangian density involving the defining equation
for codim-5 foliations. For codim-1 foliations on a 3-manifold, the path in-
tegral would be the same no matter if one takes the Godbillon-Vey class or
the defining equation as the Lagrangian density assuming integration over
all 1-forms.
The justification for “switching”—according to what is more convenient
for our purposes—from the Godbillon-Vey class (and its generalisations) of
the foliation (which involves basic connections on the normal bundle of the
foliation) to the defining equations of the foliation (involving the actual in-
tegrable subbundle of the tangent bundle itself which defines the foliation)
comes from the following crucial fact from topology:
Theorem:
(We shall not state the theorem in full generality, we shall only mention
it in the form which is adequate for our discussion). Fix a smooth closed
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n-manifold X as underlying space. Then there exists a continuous functor
ν : Γq(X)→ GL(q,R)
defined by
ν(γx) = dγx
the Jacobian at x of any local diffeomorphism whose germ is γx ∈ Hom(x, y).
This gives rise to the following very important continuous map
Bν : BΓq(X)→ BGL(q,R)
Hence in any homotopy commutative diagram
X
g
−−−→ BΓq(X)
∼=
y
yBν
X −−−→
f
BGL(q,R)
(1)
g is the classifying map of an element of Γq(X) whose normal bundle is clas-
sified by f .
Let us explain the notation: Γq(X) is the topological category of codim-q
Haefliger structures on X , BΓq(X) is its classifying space and BGL(q,R) is
the classifying space of the topological groupGL(q,R). OverRq we construct
the sheaf Sh of germs of local diffeomorphisms of Rq → Rq. That is if
x ∈ Rq, the stalk Shx is the set of germs at x of diffeomorphisms of open
neighborhoods of x onto open sets of Rq. If x, y ∈ Rq we denote Hom(x, y)
the set {γ ∈ Shx : γ(x) = y}.
The proof of this theorem can be found in [7] but in fact it is a conse-
quence of [13]. See also [14]. More explanation on the notation can be found
in the Appendix (last section).
Returning to physics now, we have a nice geometric interpretation: clas-
sical (linearised) M-Theory (on shell) corresponds to codim-5 foliations and
quantum corrections correspond to deformations! One is tempted to interpret
quantum fluctuations loosely as “confoliations”. Strictly speaking this is not
true since confoliations have been defined by Thurston only for codim-1 foli-
ations on 3-manifolds. His definition can be directly generalised to codim-1
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foliations on any n-manifold but for higher than codim-1 foliations we cannot
see immediately how this can be suitably achieved.
Yet now the question that comes forth immediately is the following: what
about the Godbillon-Vey class then? It does not play any role at all?
We think it should and in fact there is we believe a third, possibly more in-
teresting choice for a Lagrangian density (still quadratic). But before moving
to that, it is quite instructive to have a more detailed look at the non-Abelian
Chern-Simons theory from [12] section 2: “Weak coupling limit”.
For convenience we repeat the basic steps, keeping the same notation:
starting from the Chern-Simons action on a 3-manifold M say
L =
k
4π
∫
M
A ∧ dA+
2
3
A ∧ A ∧ A
the stationary phase approximation was followed: the Euler-Lagrange equa-
tions state that the connection A is flat and then one perturbes a connection
around a stationary point, namely A→ A0 + B where A0 is flat and B is a
small perturbation. Substituting this to the action one gets (keeping terms
at most quadratic in B):
L = kL(A0) +
k
4π
∫
M
B ∧DB
where
L(A0) =
1
4π
∫
M
A0 ∧ dA0 +
2
3
A0 ∧ A0 ∧A0
namely the Chern-Simons invariant of the flat connection A0 and D denotes
covariant derivative with respect to the flat connection A0. Now this La-
grangian is quadratic in B (ignoring the invariant term for the moment)
and one calculates its partition function integrating over all 1-forms B. The
result is the product of determinants of corresponding Laplacians in our
terminology of section 4 where we follow Schwarz [27] (or the ratio of two
determinants if one follows the terminology of [12]) but there is also a contri-
bution (a phase) coming from the Chern-Simons invariant L(A0) of the flat
connection A0. Then one has to sum over all flat connections (that’s where
the crucial assumption mentioned in subsection 5.1 that the topology of the
3-manifold is such that there is only a finite number of gauge equivalence
classes of flat connections is used, hence the sum is well-defined).
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Clearly in our case we would like to think of the Godbillon-Vey class as
the analogue of the Chern-Simons invariant L(A0) for the flat connection A0
(flat bundles are particular examples of foliations) and our Ω∧dΩ term is the
analogue of the B ∧DB term integrated over all 5-forms (in accordance to
integration over all 1-forms B in [12]). Hence somehow our assumption that
there is a foliation structure gives us directly the stationary phase perturbed
action. This seems to be a reasonable choice: on shell, we have a foliation
structure and because of this the term Ω∧dΩ vanishes, but the Godbillon-Vey
class does not, so we use that; quantum mechanically, the foliation structure
is lost, the Godbillon-Vey class therefore does not exist, but the term Ω∧dΩ
still makes sense and it does not vanish, it’s like a deformation of the folia-
tion, or loosely speaking a “confoliation”.
We may try to immitate exactly the situation in [12] just described and
twist our Ω ∧ dΩ term by the basic 1-form θ and get a term which now is
(we also assume taking the trace now because forms take values on a vector
bundle)
L =
∫
M11
Ω ∧ dθΩ
where dθ is the exterior covariant derivative with respect to the connection
θ. Hence on-shell for the 3-dim non-Abelian Chern-Simons theory means a
flat bundle, on-shell in our approach means in general a codim-5 foliation.
We do not know unfortunately how to derive this action in our case from
an initial action, namely the analogue of the original 3-dim Chern-Simons
action. Clearly the 11-dim Chern-Simons action does not work because it
has high powers in 1-forms (connections) and 2-forms (corresponding cur-
vatures). One may say that in this approach somehow the decomposable
(on-shell) 5-form Ω “captures” or “contains” as wedge products these ele-
mentary 1-forms in a convenient way so that the resulting 11-form Ω ∧ dΩ
(or Ω ∧ dθΩ) is quadratic (and hence doable). This has certainly some deep
relation with integrable systems.
Anyway, again following our general discussion in section 4, one can com-
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pute the partition function of the twisted term which is:
Z(M11) =
∫
DΩexp(i
∫
M11
Ω ∧ dθΩ) = D(∆
5
θ)
−1/4D(∆4θ)
3/4
using the zeta function regularisation D for the determinant of the corre-
sponding Laplacians which involve the operator dθ now and not just d but
now acting on forms with values on the normal bundle of the foliation.
There are more complications arising now though because the forms take
values on a vector bundle, which is nonetheless somehow special: its the nor-
mal bundle of an integrable subbundle. The problems are basically two: 1.
Is the partition function calculated just above metric independent? 2. Do
we have convergence if we sum over all codim-5 foliations?
In [27] a straightforward generalisation of real valued forms was consid-
ered to the case of forms with values in a flat bundle. In this case the partition
function gives a topological invariant, namely it is metric independent iff the
cohomology groups of the 11-manifoldM11 with values in the flat bundle are
trivial.
We cannot answer either of the two questions above. All we can suspect
is that the analogous restriction in this case perhaps involves the vanishing
of the dF -cohomology of the manifold or perhaps the condition is that the
normal bundle of the foliation must be integrable too with vanishing of the
corresponding cohomology (recall that since the subbundle F of the tangent
bundle of M11 is integrable, that means that the restriction dF of the deR-
ham differential d which takes derivatives along F -directions only is also a
differential, hence can be used to define a cohomology; in fact it is analo-
gous to the covariant exterior derivative with respect to a connection which
takes the “horizontal component” of the derivative of a form; the exterior
covariant derivative with respect to a connection 1-form is a differential iff
the connection is flat). Of course then one would have to sum over all folia-
tions since foliations are assumed to correspond to stationary points of some
unknown action. The “phase” factor appearing in [12] due to the Chern-
Simons invariant for the flat connection should also be taken into account
in the analysis in our case, coming from the Godbillon-Vey invariant of the
foliation. There must not be a continuous family of (homotopically distinct)
codim-5 foliations and moreover the sum must converge (recall that in the
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previous section we considered 3-manifolds with certain topological restric-
tions so that one had a finite number, hence convergence came for free, of
taut codim-1 foliations). We regret to say that a computation as an example
is far beyond reach for the moment for it is not even known if the simplest
11-manifold, namely the 11-sphere S11, has any codim-5 plane field (namely
a codim-5 subbundle of its tangent bundle; if it has one though it will be
integrable, hence it will be a foliation; for more on this see [16]).
The Chern-Simons theory was solved in [12] using reduction to 2-manifolds
and then applying geometric quantisation techniques. In our case that seems
to correspond to going down to dim 10 and the only topological methods
known there are the Gromov-Witten invariants (topological σ models). It
seems puzzling that in low dimensions, as was described in the previous
section, the existing relation between foliations (and contact structures) is
between symplectic manifolds of higher dimension (namely in our case that
would be 12, F-Theory perhaps?)
Another interesting point might be to try to see exactly the relation be-
tween K-Theories no1, 2 and 5 in our list in section 1. We would like to
underline another interesting coincidence: it is known that the first quanti-
sation of membranes (namely 2-branes which are related by S-duality with
5-branes in M-Theory) faces the impotant problem of having continuous spec-
trum (just by immitating the string case where a string is seen as an infinite
discrete sum of harmonic oscilators). The leafwise elliptic pseudodifferential
operators may also have, in striking contrast to the elliptic case, continuous
spectrum. Perhaps this is more than a simple coincidence. Of course it would
be interesting to see if the index theorems for leafwise elliptic operators due
to Connes, Moscovici and Skandalis can have any application in M-Theory
(these index theorems generalise the original index theorem due to Atiyah
for families of elliptic operators).
0.7 Appendix
For convenience we shall give the basic definitions needed to understand some
of the material used in this article and to enlighten our definition of K-Theory
no2 in our list in the first section.
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A Haefliger cocycle (or Γq-cocycle) on a closed smooth n-manifold X con-
sists of the following data (note the analogies with the definition of G-bundles
using G-cocycles where G a compact Lie group):
1. An open cover {Ua}a∈A of X .
2. For each a ∈ A a continuous map fa : Ua → R
q the germ of which at
x ∈ Ua will be denoted f
x
a .
3. For each x ∈ Ua ∩ Ub a germ γ
x
ab ∈ Hom(fb(x), fa(x)) such that:
i) the assignement x→ γxab defines a continuous map Ua ∩ Ub → Sh
ii) fxa = γ
x
ab ◦ f
x
b
iii)γxab ◦ γ
x
bd = γ
x
ad.
We say that two cocycles c = {Ua, fa, γ
x
ab}a,b∈Aand c
′ = {Ud, fd, γ
x
de}d,e∈B
are equivalent if there exists a cocycle corresponding to the covering {Uh}h∈C
where C is the disjoint union of A and B which restricts to c on {Ua}a∈A and
to c′ on {Ud}d∈B. This is an equivalence relation.
One then defines the normal bundle Q of a Haefliger structure by the
GL(q,R)-cocycle gab = d(γ
x
ab). Equivalent Haefliger cocycles give equivalent
(in the sense defined for bundles) GL(q,R)-cocycles, hence the normal bun-
dle of a Haefliger structure (and hence codim-q foliations which are particular
examples of Γq-structures) is uniquely determined up to isomorphism. For
the special case of a foliation F defined by an integrable subbundle F of
the tangent bundle TX of our manifold X , its normal bundle Q is simply
Q = TX/F .
The space of all Γq-cocycles of X modulo equivalence relation is denoted
H1(X,Γq) and defines a contravariant functor from spaces to sets. Yet this
functor is NOT homotopy invariant. In order to get a homotopy invariant
functor we impose a further equivalence relation on H1(X,Γq): we say that
a, a′ ∈ H1(X,Γq) are homotopic and write a ∼= a
′ if and only if there ex-
ists b ∈ H1(X × I,Γq) such that a = i
∗
0(b) and a
′ = i∗1(b). Here of course
i0, i1 : X → X × I are the usual face maps, I is the unit interval and ∗
denotes pull-back.
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If we impose this additional equivalence relation on H1(X,Γq) we obtain
another set (in fact topological category) denoted Γq(X); now Γq(−) is a
homotopy invariant contravariant functor. That is the functor which Hae-
fliger proved to be representable and mentioned in section 1, K-Theory no2
in our list. Since this functor is representable, one can construct its classi-
fying space BΓq, hence for any space X one then has a 1:1 correspondence
between the set Γq(X) and the set of homotopy classes of maps [X,BΓq]. For
every space X then Γ(X) is a topological category and using this category we
apply the Quillen-Segal construction to get the K-Theory KΓ(X)(X) which
was K-Theory no2 in our list in the first section.
The discussion in this article can be generalised to the study of codim-q
foliations on (2q+1)-manifolds. This could be an alternative title.
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